I. Introduction
he transition from laminar to turbulent flow considerably influences the mixing, drag, and pressure, and hence, the aerodynamic characteristics of air vehicles. The flow transition is primarily affected by the surface geometry, surface roughness, and upstream velocity, among other factors, and is best characterized by the critical Reynolds number 1 . The laminar flow over a smooth flat plate begins to transit to the turbulent flow at a Reynolds number of about 1 × 10 5 but does not become fully turbulent before the Reynolds number reaches much higher values, typically around 3 × 10 6 . The Reynolds number of 5 × 10 5 is well established as the critical Reynolds number for flows over smooth flat plates. In practice, however, the critical Reynolds number may vary from nearly 1 × 10 5 to 3 × 10 6 for flows above a flat plate, depending on the surface roughness, turbulence level, and pressure variations along the surface [1] [2] . The critical Reynolds number, in general, decreases by varying the thickness of body from a flat plate to a blunt body. The transition Reynolds number for flow across a circular cylinder or sphere is therefore about 2 × 10 5 , and for most airfoil profiles is approximately within the range of 1 × 10 3 -2 × 10 5 , which strongly depends on the maximum thickness of an airfoil profile 3 . The aerodynamic performance of airfoils and streamlined bodies, in general, are a strong function of the laminarturbulent transition, and consequently, the critical Reynolds number 1, 4 . However, the number of studies in the literature that investigated the critical Reynolds number or the transition Reynolds number over airfoil-shaped bodies, e.g. wings and blades, is limited mainly due to the variety of affecting parameters and the complexity of the transition. The studies of low-Reynolds-number airfoils 3, 5 have indicated that the boundary layer flow remains laminar for the Reynolds number between 1 × 10 3 and 1 × 10
4
, and it is challenging to cause the flow to transit into a turbulent flow. The range of the Reynold number varying from 3 × 10 4 to 7 × 10 4 is of a great interest to micro air vehicle (MAV) designers as well as model aircraft builders. The choice of an airfoil profile in this regime is of significant importance since relatively thick airfoils, i.e. 6% and above, can produce considerable hysteresis effects caused by laminar separation with a subsequent transition to the turbulent flow. At Reynolds numbers above 7 × 10 4 and below 2 × 10 5 , extensive laminar flow can be achieved, and therefore, airfoil performance improves, but the laminar separation bubble may still cause a problem for particular airfoils. For Reynolds Numbers greater than 2 × 10 5 , the airfoil performance improves significantly, and for the overwhelming majority of airfoils, the regime is turbulent.
The transition of the laminar boundary layer to the turbulent boundary layer occurs when the chord Reynolds number is greater than the critical Reynolds number. Kraemer 6 studied three specific Göttinger airfoils including GÖ 801, GÖ 803, and GÖ 804, and demonstrated that the critical Reynolds number for average angles of attack is only slightly dependent on the angle of attack in the steady flow. Their results showed that the smallest value for the critical Reynolds number, i.e. the lower critical Reynolds number, is 6.2 × 10 4 and 5.5 × 10 4 for GÖ 801 and GÖ 803 airfoils, respectively. The critical Reynolds number of the GÖ 804 profile, which could not be determined through the experimental measurements, is much smaller than roughly 1 × 10 4 . Mueller 7 conducted an experimental investigation on the relative location of the laminar separation and transition over Lissaman 7769 and Miley M06-13-128 airfoil sections at relatively low chord Reynolds numbers. It was observed that the increase of the Reynolds number or freestream disturbance level resulted in earlier transition and reattachment of the free shear layer for both profiles. Brendel and Mueller 8 also studied the characteristics of the transitional separation bubbles that are generated on the Wortmann FX63-137 airfoil through velocity point measurements at different chord Reynolds numbers of 1 × 10 5 , 1.5 × 10 5 , and 2 × 10 5 . The results indicated that the transitional Reynolds number, which ranged between 1.35 × 10 4 and 5.6 × 10 4 , increases with increasing the Reynolds number at the separation point. The e N method has been widely employed in numerical studies to predict the transition location over the past few decades [9] [10] [11] [12] . Lian and Shyy 12 performed a computational study to determine the transition location over the SD7003 airfoil through coupling the momentum equations with the e N transition method and employing a two-equation closure model for the Reynolds-averaged Navier-Stokes equations. It was shown that the transition position moves toward the leading edge (trailing edge) when the chord Reynold number increases (decreases).
The transition plays an integral role in determining the aerodynamic performance of airfoils, particularly lowReynolds-number airfoils. The laminar and/or turbulent properties of the flow have a significant influence on the skin friction (transition) and separation, and therefore, on the lift and drag properties. In addition to the recent computational studies [13] [14] [15] , many experimental investigations have been conducted to study the laminar-turbulent transition over the airfoils by using single-point flow measurement techniques, such as hot-wire anemometry [16] [17] , laser doppler velocimetry [18] [19] , and particle image velocimetry [20] [21] [22] . Compared to the literature on the transitional behavior of airfoils, there are relatively few studies focusing on determining the critical Reynolds number of airfoil profiles. In the current study, therefore, we numerically investigated the critical Reynolds number for flow over symmetrical NACA airfoils. The laminar-turbulent transition location over NACA 0012, NACA 0015, and NACA 0018 airfoil profiles are investigated to determine the critical Reynolds number at an angle of attack of zero degrees.
T

II. Computational Methods
To facilitate the present study, a FORTRAN code has been developed based on the hybrid viscous-inviscid interaction method [23] [24] to predict the boundary layer flow around low-Reynolds-number airfoil profiles. The potential flow equations were considered for describing the inviscid, irrotational flow outside the boundary layer where a twodimensional linear-vorticity panel method was employed for calculating the inviscid free-stream in direct-and inversemodes. A two-equation integral formulation, i.e. integral momentum and kinetic energy shape parameter equations, was also used based on the dissipation closure for both laminar and turbulent flows to represent the viscous boundary layer. The viscous formulation in the streamwise direction can be expressed as,
where is the momentum thickness, is the streamwise coordinate, = * ⁄ is the shape factor, * is the displacement thickness,
is the boundary-layer edge Mach number, is the boundary-layer edge velocity, is the skin-friction coefficient, * = * ⁄ is the kinetic energy shape factor, * is the kinetic energy thickness, * * = * * ⁄ is the density shape factor, * * is the density thickness, and is the dissipation coefficient. A rate equation for the shear stress coefficient was also considered to estimate the deviations of the turbulent boundary layer from the local equilibrium, which was replaced by the spatial amplification rate equation of the most-amplified Tollmien-Schlichting wave in the laminar regions. Both laminar and turbulent flows were treated with an e N transition model and the discrete boundary layer equations were simultaneously resolved with the transition equations through a full Newton method. The details of inviscid and viscous formulations can be found in the references from Drela 23 and Drela and Giles 24 . The drag coefficient was obtained from the momentum conservation in the ξ-direction, which can be expressed in a dimensionless form as [25] [26] ,
where is the momentum thickness of the wake at the downstream infinity location and is the airfoil chord length. The momentum thickness can be calculated as,
where is the transverse direction, and is the boundary layer thickness. It should be noticed here that the use of the boundary-layer edge velocity instead of the free-stream velocity in the momentum thickness calculations may cause drag underprediction, particularly for thick airfoils.
A. Transition Model
The e N transition method is generally based on the linear stability analysis and Orr-Sommerfeld equation, which employs a spatial-amplification theory. The e N method states that transition happens when the most unstable TollmienSchlichting wave in the boundary layer is grown by a factor of e N , where N is defined as follows 12, 27 ,
where is the frequency, �( , ) is the amplitude growth of the disturbance along the chord of the airfoil with frequency , is the transition position, 0 is the onset location of instability, and − is the spatial growth rate of the TS wave. For any velocity profile, the local disturbance growth rates can be concluded by solving the Orr-American Institute of Aeronautics and Astronautics Sommerfeld equation. The amplification factor is then calculated by integrating the growth rate. For incompressible flows, however, the amplification factor can be approximated by straight lines 12, 28 as,
where is the Reynolds number based on the boundary layer momentum thickness defined as
is the empirical critical Reynolds number, and is the boundary layer shape factor defined as = * ⁄ in which *
is the boundary-layer displacement thickness. For similar flows, the amplification factor can be determined by the following empirical expression,
For nonsimilar flows, however, Eq. (8) is not appropriate for determining the transition in separation bubbles. Thus, the amplification factor with respect to the streamwise coordinate can be written as,
An explicit expression for the amplification factor then becomes,
where 0 is the point at which the momentum thickness Reynolds number equals the critical Reynolds number. The critical Reynolds number can be expressed by the following empirical expression 12, 24 ,
With this approach, the amplification factor is approximated with a relatively good accuracy. Furthur details can be found in the work of Lian and Shyy 12 and Drela and Giles 24 . It is also worth mentioning that the e N approach assumes the following assumptions are satisfied; (1) the initial disturbance is infinitesimally small and (2) the laminar boundary layer is thin and gradually grows in the streamwise direction.
B. Grid Setup
The inviscid formulations were treated with the vortex panel method where a series of infinite, discrete bound vortices were placed on the airfoil profile, as shown in Fig. 1 , in order to approximate a continuous distribution of vortices. In a two-dimensional flow field, the airfoil surface is divided into many piecewise straight line segments or so-called panels where the vortex sheets of strength are placed on each panel. These vortices that imitate the boundary layer around the airfoil are then risen to circulation, and consequently, lift. The number of panel nodes on the upper and lower side of the airfoil was examined to attain the node independence. The node-independence study is summarized in Table 1 and Table 2 and illustrated in Fig. 2 for the NACA 0012, NACA 0015, and NACA 0018 airfoils with a Reynolds number of 5 × 10 5 at angles of attack of 0 and 5 degrees. As a result, 180 panel nodes were selected for the current study. 
C. Numerical Validation
The results of the current work including the pressure coefficient and transition location were compared with the existing numerical and experimental studies at different Reynolds numbers and angles of attack. The distribution of the pressure coefficient over NACA 0012, NACA 0015, and NACA 0018 airfoils is compared with the existing experimental and numerical results as demonstrated in Figs. 3, 4 , and 5, respectively. The pressure coefficient of NACA 0012 airfoil is compared with the numerical results of Sahu and Patnaik 29 in Fig. 3 at a Reynolds number of 2.4 × 10 5 and an angle of attack of 8 degrees. Figure 4 presents a comparison between the pressure coefficient of the current work and the experimental measurements of Miller 30 for the NACA 0015 airfoil at a Reynolds number of 2.4 × 10 5 and angles of attack of 0 and 5 degrees. The pressure coefficient of NACA 0018 airfoil is also compared with the experimental work of Nakano et al. 31 in Fig. 5 when the Reynolds number was 1.6 × 10 5 and the angle of attack was 6 degrees. The transition location of the NACA 0012 airfoil was subsequently compared with the experimental measurements of Gregory and O'Reilly 32 and computational results of Johansen and Sorensen 9 , as demonstrated in 
III. Results and Discussion
The Reynolds number is an important parameter in order to determine whether the flow is laminar or turbulent. The critical Reynolds number varies between the upper and lower critical Reynolds number values. The upper critical Reynolds number is defined as the velocity at which the laminar flow no longer exists over an airfoil, while the velocity at which the flow becomes laminar over an airfoil corresponds to the lower critical Reynolds number. The lower critical Reynolds number, therefore, can be achieved when the transition point is located at the trailing edge of the airfoil. We determined, in the current study, the critical Reynolds number for flow over NACA 0012, NACA 0015, and NACA 0018 airfoil profiles by estimating the laminar-turbulent transition location. The variations of the transition point with the Reynolds number is shown in Fig. 9 . It can be observed that the transition location over an airfoil is a strong function of the Reynolds number and moves toward the downstream as the Reynolds number decreases. The transition position over NACA 0012, NACA 0015, and NACA 0018 airfoils was located at 0.7923, 0.6952, and 0.6256, respectively, at the Reynolds number of 5 × 10 5 . By decreasing the Reynolds number, the laminar-turbulent transition point moves downstream to the point that located at the trailing edge of the airfoil, i.e.
⁄ ≅ 1, and the flow becomes laminar over the airfoil, which is corresponding to the lower critical Reynolds number. Therefore, the lower critical Reynolds number for flow over NACA 0012, NACA 0015, and NACA 0018 airfoil profiles is 1 × 10 5 , 5 × 10 4 , and 3.5 × 10 4 , respectively, at the angle of attack of zero degrees. The variations of the transition location with the chord Reynolds number is reported in detail in Table 3 . The transition from laminar to turbulent flow is essentially continuous and consists of a number of developing steps. In general, the transition process can be explained in four steps. The small two-dimensional waves are first produced and linearly amplified. These two-dimensional waves are then developed into finite three-dimensional waves and nonlinearly amplified. This leads to forming a turbulence spot in the flow, and finally, the turbulence spot propagates and fills the entire region with turbulence. Furthermore, Fig. 9 demostrates that the lower critical Reynolds number decreases with increasing the airfoil thickness from 1 × 10 5 for the NACA 0012 airfoil to 3.5 × 10 4 for the NACA 0018 airfoil, which is consistent with the literature 5, [36] [37] . The variations of the transition point with the angle of attack were also investigated which is demonstrated in Fig.  10 for the chord Reynolds numbers of 5 × 10 5 and 2 × 10
5
. The transition point quickly moves upstream toward the leading edge of the airfoil as the angle of attack increases. This behavior is frequently reported in the literature 12, [38] [39] [40] . The transition location transferred from 0.7923, 0.6952, and, 0.6256 at an angle of attack of zero degrees to 0.0201, 0.0312, and 0.0511 at an angle of attack of 18 degrees for the NACA 0012, NACA 0015, and NACA 0018 airfoils, respectively, for the chord Reynolds number of 5 × 105. The transitional behavior over airfoil profiles is significantly important where several affecting parameters are involved. In the current study, therefore, we briefly considered the effects of the chord Reynolds number and the angle of attack on the laminar-turbulent transition location in addition to determining the critical Reynolds number.
IV. Conclusion
In the current paper, the lower critical Reynolds number for flow over NACA 0012, NACA 0015, and NACA 0018 airfoils is investigated by examining the laminar-turbulent transition over airfoils at an angle of attack of zero degrees. A CFD FORTRAN code was developed based on the hybrid viscous-inviscid interaction method with an incorporated e N transition model in order to model the boundary layer flow around airfoil profiles. The potential flow equations were considered to describe the inviscid, irrotational flow outside the boundary layer and a two-equation integral formulation, i.e. integral momentum and kinetic energy shape parameter equations, was employed to represent the viscous boundary layer. The results of this study indicated that the transition location of an airfoil profile is strongly dependent on the Reynolds number and moves downstream (upstream) as the Reynolds number decreases (increases). The lower critical Reynolds number was then evaluated as a velocity at which the flow becomes laminar over the airfoil, which corresponds to the conditions that the transition point located at the trailing edge of the airfoil. The lower critical Reynolds number was consequently determined to be 1 × 10 5 , 5 × 10 4 , and 3.5 × 10 4 for the NACA 0012, NACA 0015, and NACA 0018 airfoils, respectively. The variations of the transition point with the angle of attack was further studied. It was observed that the transition point suddenly moves toward the leading edge with increasing the angle of attack. 
